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ABSTRACT
We explore the use of information models as a guide for
the development of single objectiv e optimization algorithms,
giving particular attention to the use of Bayesian models in
a PSO context. The use of an explicit information model
as the basis for particle motion provides tools for design-
ing successfulalgorithms. One such algorithm is developed
and shown empirically to be e�ectiv e. Its relationship to
other popular PSO algorithms is explored and arguments
are presented that those algorithms may be developed from
the same model, potentially providing new tools for their
analysis and tuning.

Track Category
Ant Colony Optimization and Swarm Intelligence

Categoriesand SubjectDescriptors
G.1.6 [Numerical Analysis ]: Optimization|
nonlinear programming, unconstrained optimization

GeneralTerms
Algorithms, Theory

Keywords
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1. INTRODUCTION
Particle Swarm Optimization (PSO) is a social or evolu-

tionary optimization algorithm that was discovered during
experiments with simulated bird 
o cking [7]. The discovery
was valuable, as it has proven to be a good approach to the
optimization of a useful class of functions. It has the addi-
tional bene�t that it is easyto implement and has relativ ely
few tunable parameters.

As the reader is assumed to have some familiarit y with
PSO, the explanation that follows will be brief. Classical
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PSO begins by scattering particles in the function domain
space,often by means of a uniform distribution. Each par-
ticle is a data structure that maintains its current position
bx and its current velocity b_x . Additionally , each particle re-
members the most �t position it has obtained in the past,
denoted p for \p ersonal best". The most �t p among all
particles is written g for \global best".

Each particle updates its location over time using

b_x t +1 = b_x t + � 1 U()( p � bx t ) + � 2 U()( g � bx t ) (1)

bx t +1 = bx t + b_x t +1 (2)

where usually � 1 = � 2 = 2, U() is drawn from a standard
uniform distribution (either a scalar or a vector of random
values to be applied to each element), and velocities are
constrained to be smaller than someVmax . Two simple and
popular improvements to the technique are the useof a con-
striction coe�cient � [3] and an inertia weight ! [14], re-
spectively:

b_x t +1 = �
� b_x t + � 1 U()( p � bx t ) + � 2 U()( g � bx t )

�
(3)

b_x t +1 = ! b_x t + � 1 U()( p � bx t ) + � 2 U()( g � bx t ) : (4)

When using (3), de�nitions of � 1 and � 2 are di�eren t from
above, and they are used to calculate � .

Though improvements have been made on nearly all as-
pects of PSO, the basic structure of the motion equations
has remained largely uncontested, limiting most motion im-
provements to the addition or tuning of equation coe�cien ts.
While somehave deviated signi�can tly from classicalmotion
with good success[2,6], few have attempted such a depar-
ture. Indeed, it seemsthat variants on classical motion are
hard to beat, but in spite of much analysis of convergence
and other motion characteristics [1,3,4,12], as well as some
valuable intuition [8, 10], little is known as to why this is
true.

In a way, the serendipitous origins of classical PSO have
never been fully overcome, leaving room for a more princi-
pled and high level perspective for PSO motion. This paper
presents and motiv ates a model-oriented approach to par-
ticle motion algorithms, providing tools for the creation of
such algorithms that also aid in their analysis. This ap-
proach makesexplicit the information relationships and op-
timization assumptions that go into the design of a swarm
optimization algorithm.

One class of optimization models based on Bayesian in-

uence networks is presented �rst. An algorithm is then
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Figure 1: Ra w information available to swarm opti-
mization

produced by solving one such model. This algorithm has
somede�ciencies, which are addressedby making better use
of available information and applying approximations to its
most complex features. The approximate algorithm is shown
to perform well against somerecent and successfulPSO tech-
niques. Finally , the rami�cations of the new algorithm and
the processby which it was created are explored.

2. BAYESIAN OPTIMIZA TION MODELS
Even though \No Free Lunch" (NFL) theorems dictate

that no single algorithm can be used to e�cien tly optimize
every class of functions [15], any optimization problem can
be modeled. The purp oseof such a model is to sort out all
of the information available during the optimization process
and to make use of that information in a principled way.
That it is always possible to apply a model neither ignores
nor negatesNFL, but rather indicates that the model must
somehow explicitly specify the class of functions that are
interesting.

Many such optimization models are possible, but this pa-
per will de�ne and restrict itself to a limited class of these
models, hereafter referred to asBayesianOptimization Mod-
els (BOMs). In a BOM, the optimization problem is framed
as inference in a Dynamic Bayesian Network (DBN) where
information relationships are characterized as conditional
probabilit y distributions [13]. While no assertion is made
that DBNs are the only appropriate modeling tool for PSO,
someclassof models must be chosen,and DBNs have some
particularly convenient properties.

The use of DBNs instead of a more general classof mod-
els represents an approximation that is open to debate. It is
a fact, however, that an approximation of some kind must
be made, since a fully expressive model of every detail of all
possibleinformation relationships would not be tractable for
descriptive or computational purp oses.Throughout this pa-
per many choiceswill be made for the sake of approximation,
and all of them will be explicit. In the interest of coherent
exposition, however, a detailed discussion of those choices
will be deferred until Section 6.

DBNs are frequently used to characterize time-sensitive
relationships between observable (� ) and hidden (� ) vari-
ables or states. Usually the hidden variables represent de-
sired information and are considered to cause or in
uence
the state of the observable variables. For example, deter-
mining the location of an airplane given a blip on a radar
screen�ts this model: the true location of the plane is un-
known or hidden, it causesan observableblip, and the data
is time-sensitive. Provided that a useful observation model
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is available to characterize the noise and other behavior of
the radar, the true state can be inferred with someaccuracy
from a seriesof observed blips.

In swarm optimization, each particle may observe g and p.
In the context of a BOM, these observations are in
uenced
by somestate � encoding desirable but hidden information,
in this caseinstructions as to what the particle should do to
get to a place of even better �tness g? .

Ignoring p for the time being, Figure 1 illustrates the
use of hidden states and the raw information available to a
swarm optimization algorithm. At each time step, a parti-
cle has a current estimate b� of its hidden state � . Since the
particle is trying to track the tra jectory toward g? , this es-
timate is encoded in the actual position and velocity of the
particle and is gleaned from data available in the form of
g. The hidden state � represents where the particle ideally
should have been (x ) and the direction in which it should be
going ( _x ) to get directly to a place of even better �tness g? .

Just as a radar's observation model is required in order
to estimate a plane's true location given a blip, the rela-
tionship between � and � must be speci�ed for a particle
to e�ectiv ely estimate a tra jectory toward g? . Figure 2 il-
lustrates one of the simplest possiblemodels for the various
relationships in this system. In this casewhat is depicted
is actually an instance of a Hidden Mark ov Model (HMM)
where the hidden state � in
uences the observable state �
using a known observation model H and changesover time
according to sometransition model F .

In the radar example, F might be a model of how a plane
is expected to move. Large planes do not change speed or
direction very quickly and therefore might use a constant
velocity transition model, treating deviations from constant
velocity as admissible noise. In the context of PSO, the
transition model describes the way that g is expected to
move over time. It also describes, however, the way that
particles prefer to move, since they will make use of F as
they attempt to track the tra jectory of g over time. The F
chosenwill therefore depend on the best swarm behavior for
the classof functions subject to optimization. In this paper,
we will focus on a constant velocity F for the sake of sim-
plicit y and for historical reasons,though other relationships
are certainly possible.

The model also indicates that g? in
uences the observed g
since hidden state in
uences observations. This in
uence is
inherently noisy becauseit is unreasonable to believe with
absolute certainty that the observation of g precisely pin-
points g? . Noise is thus usedas a model of subjective uncer-
tainty about the usefulnessor accuracy of an observation. In
a function with local smoothness, a Gaussian distribution is
a good model of uncertainty. For example, a high-variance
Gaussian with mean g indicates that g is a useful indicator



of g? , but that our belief or con�dence in that result is not
very strong. Similarly , a low variance would indicate greater
con�dence that g is a lik ely place to look for g? .

Regardlessof the particular distribution chosen to repre-
sent belief, the useof a BOM de�nes the goal of optimization
as the inference of a belief distribution over � . Ideally, that
distribution will converge over time to a delta function (or
in the Gaussiancase,a distribution with variance approach-
ing zero) centered at the global minim um, but the amount
of information available does not often allow for so much
precision or certainty. The goal becomesone of �nding a
distribution that gets as close as possible to the truth and
that represents as much con�dence as possible in that es-
timate. This clari�es the role of the network in Figure 2:
if the in
uences shown can be characterized, noise and all,
then standard approaches to solving HMMs may be used to
estimate a distribution over � (the best action a particle can
take) at each time step.

Every choice made in the creation of this particular BOM,
and even the useof a BOM in the �rst place, represents some
assumptions about the class of functions to be optimized.
Sometimesthe connection is readily evident and other times
it is more subtle. The choice of a constant velocity model,
for example, indicates that velocity contains information.
A consequenceof this is that �tness and distance from the
global minim um should be correlated; if velocity contains
information then in somesensedistance must as well. Also,
a Gaussian noise model intro duces the assumption of some
local smoothnessin the function, sincethe belief distribution
assignssimilar weight to nearby regions.

Whatever the speci�c details, an optimization model will
encompassraw information and intuition as illustrated in
Figure 1 as well as explicit information relationships as il-
lustrated in Figure 2. Together, these give an algorithm
designer an opportunit y to be explicit about not only the
available information and what it means, but about the re-
lationships that exist within it. The choice of BOMs in par-
ticular allows designersof swarm optimization algorithms to
leverage the considerable body of existing knowledge about
DBNs and HMMs to generate particle motion.

It should be reiterated that although this paper focusesal-
most exclusively on HMMs asmodelsof swarm optimization,
this restriction is not a requirement. Much richer models,
probabilistic or otherwise, may also be applied.

3. A BOM MOTION ALGORITHM
Solution methodologies for HMMs are plentiful, but per-

haps none is so easily applied as the Kalman Filter. The
Kalman Filter is directly applicable to the solution of an
HMM lik e that in Figure 2, imposing the additional con-
straints of linear relationships and additiv e Gaussian noise
[5, 9, 13]. This restricted subclass of HMMs is commonly
known as Linear Dynamic Systems (LDSs).

This suggeststhat the Kalman Filter might be applied to
PSO as a means of moving particles around, an idea that
was intro duced earlier in the KSwarm algorithm [11]. Its
original presentation was unmotiv ated, however, making it
di�cult to determine whether and in what situations it may
be sensibly applied. The BOM developed thus far supplies
the needed motiv ation, since the application of a Kalman
Filter to the model produces an algorithm very much lik e
KSwarm. To assist in further development of this idea, the
basics of the original KSwarm will be presented brie
y .

The purp ose of the Kalman Filter is to estimate a mean
�� t and covariance � t for the hidden state of an HMM given
a seriesof observations � t , which in this casecorrespond to
measurements of g. The mean may be viewed as the esti-
mate of the hidden state and the covariance as a measure
of con�dence in that estimate. This estimate can be ob-
tained through recursive application of the following equa-
tions, which �nd themselves at the heart of KSwarm:

K t = (F� t � 1F > + � � )H > �
H (F� t � 1F > + � � )H > + � �

� � 1

(5)
�� t = F �� t � 1 + K t (� t � HF �� t � 1) (6)

� t = (I � K t H )(F� t � 1F > + � � ) : (7)

A single sample from the distribution over a prediction
provides the new state of a particle, comprising a position
and velocity:

b� t +1 =
�

bx t +1

b_x t +1

�
� Normal (F �� t ; � t ) : (8)

The value of � is obtained from observations, but several
other valuesmust be speci�ed before the algorithm can pro-
ceed. For example, a transition matrix F and observation
matrix H must be speci�ed, as well as a prior mean �� 0 .
A constant velocity transition model makes the assumption
that the tra jectory traced by successive valuesof g will tend
to take a straight line path toward the global minim um, and
a skew-free observation model is used becauseit is unrea-
sonable to assume that g is not a good estimate of g? in
the absenceof more information. Additonally , the priors
are taken directly from the initial location and velocity of
the particle. These speci�cations are given together here:

F =
�

I I
0 I

�
(9)

H =
�
I 0

�
(10)

�� 0 =
�

bx 0

b_x 0

�
: (11)

Each of these values carries with it a corresponding covari-
ance matrix, denoted � � , � � , and � 0 , respectively. Given
a vector w of side lengths of the \feasible rectangle" (usu-
ally provided with the target function) and a small constant
� (� 0:001), the original KSwarm attempts to simplify the
creation of useful covariances by de�ning diagonal matrices
for these values, thus:

� � = � diag
�

w
w

�
(12)

� � = � diag(w ) (13)

� 0 = � diag
�

w
w

�
: (14)

Though KSwarm's published implementation outp erforms
one version of constricted PSO on a number of common
benchmark functions, it has not beenshown to be competi-
tiv e with more recent or well-tuned PSO algorithms.
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4. TAKING THE NEXT STEP
KSwarm was produced from a BOM, making available a

large number of existing tools for its analysis. It is, however,
not perfect, and several improvements immediately suggest
themselves. First, KSwarm ignores the existenceof p, which
is commonly considered to be an important piece of infor-
mation in PSO [6,8]. Second, the computational complex-
it y of KSwarm is O(D 3) while other popular algorithms are
O(D ). Unfortunately , its performance doesnot warrant this
increasein complexity. This section addressesboth of these
problems.

4.1 Incorporating PersonalBest
There are several ways to intro duce p into the HMM pre-

viously outlined. Perhaps the simplest is to combine p and g
into a single observation before applying the Kalman Filter.
Thus, � t = C(g; p), where C is somefunction that combines
the two piecesof information in a useful way.

If p is considered to be dependent on g, the new network
is represented in Figure 3. Combining g and p into a single
observation is equivalent to letting p temper the perception
of g, which is accomplished by �nding the posterior distri-
bution G0(gjp) by application of Bayes' Law:

C(g; p) � G0(gjp) =
P 0(pjg)G(g)

P (p)
(15)

where G and G0 are the prior and posterior distributions
over g, and P and P 0 are the marginal and conditional dis-
tributions over p. When using multiv ariate Gaussian distri-
butions, G0(gjp) is parameterized by mean �b and covariance
� b , the values of which are well known:

W = � p (� p + � g ) � 1 (16)

�b = (I � W )p + Wg (17)

� b = (I � W )� p (18)

where � p and � g represent uncertainty about the utilit y of
p and g as estimates of g? , respectively.

Substituting �b and � b for � t and � � in (5), (6), and (7)
yields these equations for the \ p-augmented KSwarm":

K t = (F� t � 1F > + � � )H > �
H (F� t � 1F > + � � )H > + � b

� � 1

(19)
�� t = F �� t � 1 + K t

�
(I � W )p + Wg � HF �� t � 1

�
(20)

� t = (I � K t H )(F� t � 1F > + � � ) : (21)

The equations do not change the order of polynomial com-
plexit y of the original KSwarm, but they do require the spec-
i�cation of yet another covariance matrix.

4.2 The Necessityof Approximations
The use of the Kalman Filter incurs some costs. It was

mentioned brie
y that although it tests well against a ver-
sion of constricted PSO, it doesnot test aswell against more
recent improvements. This may be due to the di�cult y in-
herent in tuning an algorithm whoseparameters are all large
matrices. In fact, even though someintuition may beapplied
to the speci�cation of covariance matrices, the dimensional-
it y of the parameter spacefar exceedsthe dimensionality of
the function to be optimized!

In addition, the increasedcomputational complexity must
be addressed. Fortunately , it is possible to address both
issuessimultaneously by crafting an approximation to the
p-augmented KSwarm algorithm. Of particular interest is
(20) which can be rewritten as follows:

�� t = (I � K t H )F �� t � 1 + K t (I � W )p + K t Wg : (22)

To simplify things further, it may be assumedthat H = I
and that observation vectors are appropriately augmented
with a velocity estimate:

�
�x t
�_x t

�
= (I � K t )F

�
�x t � 1
�_x t � 1

�

+ K t (I � W )
�

p
p � bx t � 1

�

+ K t W
�

g
g � bx t � 1

�
: (23)

Becausea new position may be trivially computed given
the previous position and a new velocity, (23) may be fur-
ther simpli�ed by dropping all portions of the equation that
directly calculate a position. Recalling from (9) that F pre-
servesvelocity allows it to be dropped entirely from the cal-
culation of the mean �ltered velocity �_x t :

�_x t = (I � K t;v ) �_x t � 1

+ K t;v (I � W v )( p � bx t � 1)

+ K t;v W v (g � bx t � 1) : (24)

Thus, �_x t looks lik e a convex combination of �_x t � 1 , g, and p.
Even more simpli�cation is possible if the gains K and W
are assumed to be the constant scalars a and b instead of
dynamic matrices:

�_x t = (1 � a)b_x t � 1 + ab(p � bx t � 1) + a(1 � b)(g � bx t � 1)
(25)

where �_x t � 1 is approximated by b_x t � 1 . This bears some re-
semblance to (4), the equation for inertia-w eighted PSO.



Table 1: Common benchmark functions

Sphere(x ) =
DX

i =1

x2
i

Griewank(x ) =
1

4000

DX

i =1

x2
i �

DY

i =1

cos
�

x ip
i

�
+ 1

Rosenbrock(x ) =
D � 1X

i =1

100(x i +1 � x2
i )2 + (x i � 1)2

DeJongF4(x ) =
DX

i =1

ix 4
i

Rastrigin (x ) =
DX

i =1

x2
i + 10 � 10cos(2� x i )

The variance vector is all that remains to be determined
to make the algorithm concrete. A fairly common tric k when
adding noise at the end of a PSO calculation is to let the
variance be a scalar based on the magnitude of the mean
velocity [2,6]. Without further motiv ation, a similar tric k is
applied here:

b_x t � Normal
�

�_x t ;  
k�_x t k2

D
I
�

(26)

where  scalesthe calculated variance by some�xed amount,
usually a small number lik e 0:05. The dimensional scaling
attempts to counter an explosion of the Gaussian support
volume as dimensionality increases.

Given the mean as de�ned in (25) and variance from (26),
a new velocity may be created by sampling once from a
Gaussian distribution. This approach is the basis of the
\ p Appro ximate Kalman Swarm" (PAKS) algorithm, which
restoresO(D ) complexity and substantially reducesthe size
of the parameter space.

The performance of this algorithm is compared with some
popular PSO enhancements on several benchmark functions
in Figure 4. The benchmarks are de�ned in Table 1. The
results were obtained for minimization in 30 dimensions,
� = 0:45, � = 0:5,  = 0:05, and a non-re
exiv e \star"
topology (fully connected but without self links) with 20
particles where applicable. TRIBES beganwith a single par-
ticle. In the caseof TRIBES, the x-axis represents the best
value after every 20 function evaluations to make the results
directly comparable. As can be seen,PAKS either outp er-
forms or remains competitiv e with TRIBES and BareBones.
Although it is only an approximation, it always outp erforms
KSwarm, presumably becauseit is much easier to tune.

Although PAKS does require more tuning than TRIBES
or BareBones, even the most naive parameter settings pro-
duced good behavior. Setting � = 0:5 naively assumesthat
g and p are equally reliable sources of information. This
was also tried as the value of � , but velocity explosion re-
quired it to be lowered slightly . The only parameter that
really required any signi�can t attention was  , which was
reasonably robust once the right range was found.

More signi�can t than the naive and simplistic nature of
the tuning is the fact that it could easily have been more
principled. The use of a BOM as the basis for PAKS pro-

vides a clear and explicit path from a statistical model to a
concrete algorithm. That it has roots in a model allows bet-
ter tuning to occur before the algorithm has ever been exe-
cuted. The coe�cien ts, for example, are rooted in subjectiv e
variance, which wasnever overtly used. It is conceivable that
someexperiments could shed light on appropriate variances
and thus on appropriate choices of coe�cien ts, something
that would not be possible without the use of the model as
a starting point. Even without such analysis, it is signi�can t
that a simple algorithm using a topology not noted for its
exploration capabilities can perform so favorably.

5. APPLICATIONS OF A BOM
BOMs are useful tools for specifying motion algorithms,

but they represent just one possible class of models. Per-
haps even more interesting than the presented BOM is the
accompanying processthat was used to generateuseful par-
ticle swarm motion; the model is the starting point, the
solution methodology createsa real algorithm, and the �nal
approximation makes that algorithm tractable. Together
these ideas represent a uni�ed framework for function op-
timization that provides insights into how to tune the new
algorithm and why it behaves the way that it does. All of
the behavior of the algorithm may be traced back to one or
more of the choices made during this process,all of which
are explicit, allowing any desired change to be a�ected by
revisiting those choices.

The full impact of this idea becomesevident when work-
ing backwards from existing motion methodologies to �nd
appropriate models. In many cases, the very same BOM
may be obtained in this manner. Consider, for example, the
similarities betweenPAKS and other popular techniques for
computing a new particle velocity:

Constricted [3]:

�
� b_x t + � 1 U()( p � bx t ) + � 2 U()( g � bx t )

�

Inertia-w eigh ted [14]:

! b_x t + � 1 U()( p � bx t ) + � 2 U()( g � bx t )

Noisy Classical [2]:

�
� b_x t + G(p � bx t ; I

kp � bx t k2

4
) + G(g � bx t ; I

kg � bx t k2

4
)
�

PAKS (mean velocity):

(1 � a)b_x t + ab(p � bx t ) + a(1 � b)(g � bx t )

(G( �; �) producesa samplefrom a Gaussianwith the supplied
mean vector and covariance matrix).

The similarit y of the algorithms is striking, as each per-
forms a noisy and linear combination of the same informa-
tion. In the caseof PAKS, it is clear why this is the case:
Bayesian reasoning, linearit y, and Gaussian noise were elec-
tiv e constraints during the design process.That it is similar
to other popular PSO algorithms implies similarit y in their
underlying model and solution methodology. Consequently ,
all of these algorithms are describable as approximations of
p-augmented KSwarm. The di�erences are limited to tuning
or noise insertion and are generally super�cial.
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Knowing the model that can produce these algorithms
makes available a wealth of information about them that
was not as easily accessiblebefore. Consider, for example,
the problem of a varying inertia coe�cien t (! ) for inertia-
weighted PSO. If we view inertia-w eighted PSO as an ap-
proximation to KSwarm, someinteresting things can be said
about ! , which corresponds directly to the I � K term in the
Kalman Filter equations. Because� t converges over time
to a �xed point, a large � 0 , corresponding to low con�dence
in the initial estimate, will cause� t to decreaseover time.
This decreasing variance corresponds to an asymptotically
increasing inertia weight, unlik e the linearly decreasing val-
ues so commonly used. While this violates some popular
intuition, the superiorit y of an increasing inertia weight has
already been empirically observed [16].

That the noise models are not precisely equivalent is no
barrier to forging a connection between existing algorithms
and PAKS, especially in consideration of the Central Limit
Theorem. Some of them use uniform distributions on the
coe�cien ts themselves, but a sum of uniform random vari-
ablesis Gaussianin the limit, a notion veri�ed empirically in
other works [2,6]. Additionally , a sum of Gaussianvariables
producesa new Gaussian variable, so taking a single sample
at the end is not fundamentally di�eren t from taking sam-
ples on each coe�cien t. Perhaps the most compelling reason
to suggestthat all of these algorithms use a Gaussian noise
model is the fact that they all combine information linearly,
a consequenceof the closureof Gaussiansunder Bayes' Law.
Any other noisemodel would produce a more complex com-
bination of information.

The use of BOMs also applies to motion that does not
share as much in common with PAKS as the above algo-
rithms. For example, BareBones, which performs a simple
position computation based on p and g [6], may be pro-
duced from the model shown in Figure 3 by removing the
time-sensitive links and dropping velocity from the approxi-
mation rather than position. Similar modi�cations are pos-
sible for other algorithms not discussedhere.

6. MODELING AND APPROXIMA TIONS
While progressing from an optimization model to a con-

crete PSO algorithm, several modeling decisions and ap-
proximations were made along the way. Every one of these
decisions was explicit, which is one of the more important
bene�ts of using the design framework outlined here: ex-
plicit decisions are easy to analyze and adjust. In spite of
the clarit y resulting from this process,however, someof the
speci�c decisionsand approximations made here have subtle
consequencesand merit further discussion.

6.1 BayesianModeling
Although DBNs do not represent the only classof models

that can be usedto describe information relationships, it has
been made clear that simplicit y and tractabilit y were the
reasonsbehind using that classof models. What is perhaps
not as clear is the intuitiv e meaning of the hidden processes
in Figures 1 and 2 and the approximations made in ignoring
someof the possible information relationships.

BecausePSO is a known and concrete algorithm, the only
truly hidden processis the target function itself. The HMM
presented here approximates all of the hidden characteris-
tics of the target function as a sequenceof tra jectories. In-
tuitiv ely, this meansthat the features of the target function

deemedmost important by the model are described by paths
of improving �tness from each point in space,making a par-
ticle's goal one of �nding the next step along such a path
from its current location. Inherent in this is the assumption
that greedy improvements to g form a noisy tra jectory that
will eventually lead to the global optim um. This assump-
tion provides a partial speci�cation of the classof functions
for which this PSO algorithm is expected to be e�ectiv e:
it will work well on functions that can be described as uni-
modal with noise, an idea born out in the results for Sphere,
DeJongF4, and Griewank.

In addition to approximating a hidden process, the pro-
posedHMM ignores a number of possible information rela-
tionships. While adding more information links is certainly
possible, limiting them to a select few is common when deal-
ing with Bayesiannetworks sincespecifying all possiblerela-
tionships is not often tractable. The underlying assumption
is that noise is an adequate substitute for some of the less
consequential relationships.

6.2 Adding NewInf ormation
The question naturally arises as to whether the approach

to adding new information detailed in Section 4.1 is truly
representativ e of what the information means. Is, for exam-
ple, p really dependent upon g? One could certainly argue
that it is not, since no such dependency is built into PSO
or into optimization in general. In fact, it is much easier
to argue that such a relationship would work the other way,
since g is actually the p of someparticle.

This is readily addressedby looking at the model as a de-
scription of observed behavior rather than of a known pro-
cess.While g doesnot cause the observation of p, it can be
observed that p tends to be closeto g during a run of PSO.

The dependency of p on g can also be viewed as a speci-
�c ation of behavior. This observation of correlation or clus-
tering among p and g is, in a sense,a self-ful�lling prophecy:
the model says that clustering occurs, the samemodel driv es
the motion of particles, and therefore clustering is observed.

This brings up an interesting side point. Many choices
were made in this paper not only becausethey were simple
and convenient, but becausethey led to an algorithm that
was similar to existing PSO algorithms. This allowed the
framework to be developed in a familiar context and pro-
vided a means of rethinking popular motion algorithms in
terms of a useful model. Remarkably little foresight was
required to do this since some of the approximations made
were rather obvious and naive. For these reasons,the seem-
ingly counterin tuitiv e dependency of p on g is actually not
at all unreasonable; it is descriptive, prescriptiv e, and e�ec-
tiv ely models the behavior of existing algorithms.

6.3 Other Approximations
Other notable approximations in Section 4.2 include drop-

ping position instead of velocity and ignoring the Kalman
variance calculation in (21).

Position was dropped instead of velocity to better facil-
itate the connection between PAKS and other algorithms,
especially inertia-w eighted PSO. It would de�nitely be pos-
sible to drop velocity instead, producing something more
lik e BareBones, as previously discussed.

As for PAKS variance, the corresponding Kalman equa-
tions were ignored for simplicit y and space. This amounted
to replacing useful information with a tric k adapted from



the literature, highlighting the fact that signi�can t approx-
imations are often made while building a PSO algorithm.
In the caseof PAKS, it was clear that the correct variance
calculation was ignored, but it was only obvious because
the underlying model was already known. Many PSO algo-
rithms, on the other hand, commonly make equally sweeping
assumptions without any context for their objectiv e evalua-
tion. Indeed, it is di�cult if not impossible to provide such
context without the use of a model.

7. CONCLUSIONS AND FUTURE WORK
The single-objectiv e optimization problem is one of using

available information to �nd the global minim um. In order
to do this, it is useful to specify in explicit terms what that
information is and the relationships between various pieces
of the available information. BayesianOptimization Models
are a classof models that make this speci�cation systematic
and principled, simultaneously lending valuable intuition to
the process.

That this approach can serve as the foundation of a num-
ber of PSO motion algorithms, including those developed
here, makesit useful as a tool for high level analysis of both
new and existing PSO algorithms. It would be interest-
ing to apply in greater detail the model and approximation
techniques presented here to existing PSO algorithms. This
could provide more insights into their di�erences in behavior
on various functions.

Other DBN models may be used besidesthe HMM sug-
gested here, and other solution methodologies, such as par-
ticle �lters, may be applied. More information than g and
p could also be made available to any chosen model, and
methods of combining information should be explored more
fully . Additionally , the approximation processoutlined for
PAKS could be changed to make better use of the model to
make coe�cien t tuning more principled.

In this work, the application of a BOM has only a�ected
each particle individually , but it is possibleto create a richer
model that includes the notion of sociometry and the infor-
mation 
o w between particles in the swarm. Though com-
plex, the study of such in
uences is at least possibleusing a
model, and its use may provide new topological insights.

The algorithm design framework developed around BOMs
actually exists independently of them, suggesting that any
model, Bayesian or otherwise, may be used in the frame-
work. The only requirement is that such a model make in-
formation relationships explicit and provide a means for in-
ferring desired information from available information. The
exploration of alternativ e models would be an interesting
pursuit.

The intro duction of a BOM and its successin creating a
competitiv e PSO algorithm highlights the utilit y of the as-
sociated algorithm design framework. The framework is not
only valuable as a tool for the synthesis of PSO algorithms,
but also for their analysis. This work has presented the
framework and model-based approach as a way of thinking
about optimization and this perspective suggestsnew ways
of approaching the problem.
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